Abstract: In this study, I investigate the necessary condition for the consistency of the maximum likelihood estimator (MLE) of spatial models with a spatial moving average process in the disturbance term. I show that the MLE of spatial autoregressive and spatial moving average parameters is generally inconsistent when heteroskedasticity is not considered in the estimation. I also show that the MLE of parameters of exogenous variables is inconsistent and determine its asymptotic bias. I provide simulation results to evaluate the performance of the MLE. The simulation results indicate that the MLE imposes a substantial amount of bias on both autoregressive and moving average parameters.
Introduction
The spatial dependence among the disturbance terms of a spatial model is generally assumed to take the form of a spatial autoregressive process. The spatial model that has a spatial lag in the dependent variable and an autoregressive process in the disturbance term is known as the SARARmodel. The main characteristic of an autoregressive process is that the effect of a location-specific shock transmits to all other locations with its effects gradually fading away for the higher order neighbors. The spatial autoregressive process may not be appropriate if there is strong evidence of the localized transmission of shocks. That is, the autoregressive process is not the correct specification when the effects of shocks are contained within a small region and are not transmitted to other regions. An alternative to an autoregressive process is a spatial moving average process, where the effects of shocks are more localized. Haining [1] , Anselin [2] and, more recently, Hepple [3] and Fingleton [4, 5] consider a spatial moving average process for the disturbance terms. The spatial model that contains a spatial lag of the dependent variable and a spatial moving average process for the disturbance term is known as the SARMA model.
In the literature, various estimation methods have been proposed [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] . The ML method is the best known and most common estimator used in the literature for both SARAR and SARMA specifications. Lee [11] shows the first order asymptotic properties of the MLE for the case of SARAR (1, 0) . The generalized method of moment (GMM) estimators is also considered for the estimation of the spatial models. Kelejian and Prucha [6, 7] suggest a two-step GMM estimator for the SARAR(1,1) specification. One disadvantage of the two-step GMME is that it is usually inefficient relative to the MLE [10, 17, 18] .
To increase efficiency, Lee [12] , Liu et al. [10] and Lee and Liu [13] formulate one-step GMMEs based on a set of moment functions involving linear and quadratic moment functions. In this approach, the reduced form of spatial models motivates the formulation of moment functions. The reduced equations indicate that the endogenous variable, i.e., the spatial lag term, is a function of a stochastic and a non-stochastic term. The linear moment functions are based on the orthogonality condition between the non-stochastic term and the disturbance term, while the quadratic moment functions are formulated for the stochastic term. Then, the parameter vector is estimated simultaneously with a one-step GMME. Lee [12] shows that the one-step GMME can be asymptotically equivalent to the MLE when disturbance terms are i.i.d. normal. In the case where disturbances are simply i.i.d., Liu et al. [10] and Lee and Liu [13] suggest a one-step GMME that can be more efficient than the (quasi) MLE.
Fingleton [4, 5] extend the two-step GMME suggested by Kelejian and Prucha [6, 7] for spatial models that have a moving average process in the disturbance term, i.e., SARMA(1,1). Baltagi and Liu [19] modify the moment functions considered in Fingleton [4] in the manner of Arnold and Wied [20] and suggest a GMME for the case of SARMA(0,1). The spatial moving average parameter in both Fingleton [4] and Baltagi and Liu [19] is estimated by a non-linear least squares estimator (NLSE). The asymptotic distribution for the NLSE of the spatial moving average parameter is not provided in either Fingleton [4] or Baltagi and Liu [19] . Recently, Kelejian and Prucha [9] and Drukker et al. [21] provided a basic theorem regarding the asymptotic distribution of their estimator under fairly general conditions. The estimation approach suggested in Kelejian and Prucha [9] and Drukker et al. [21] can easily be adapted for the estimation of the SARMA(1,1) and SARMA(0,1) models. Finally, although the Kelejian and Prucha approach in Fingleton [4] and Baltagi and Liu [19] has computational advantages, it may be inefficient relative to the ML method 1 .
In the presence of an unknown form of heteroskedasticity, Lin and Lee [22] show that the MLE for the case of SARAR(1,0) may not be consistent, as the log-likelihood function is not maximized at the true parameter vector. They suggest a robust GMME for the SARAR(1,0) specification by modifying 1 Fingleton [4] and Baltagi and Liu [19] do not compare the finite sample efficiency of their estimators with the MLE. the moment functions considered in Lee [12] . Likewise, Kelejian and Prucha [9] modify the moment functions of their previous two-step GMME to allow for an unknown form of heteroskedasticity.
The spatial moving average model introduces a different interaction structure. Therefore, it is of interest to investigate the implications of a moving average process for estimation and testing issues. In this paper, I investigate the effect of heteroskedasticy on the MLE for the case of SARMA (1, 1) and SARMA(0,1) along the lines of Lin and Lee [22] . The analytical results show that when heteroskedasticity is not considered in the estimation, the necessary condition for the consistency of the MLE is generally not satisfied for both the SARMA(1,1) and SARMA(0,1) models. For the SARMA(1,1) specification, I also show that the MLE of other parameters is also inconsistent, and I determine its asymptotic bias. My simulation results indicate that the MLE imposes a substantial amount of bias on spatial autoregressive and moving average parameters. However, the simulation results also show that the MLE of other parameters reports a negligible amount of bias in large samples.
The rest of this paper is organized as follows. In Section 2, I specify the SARMA(1,1) model in more detail and list assumptions that are required for the asymptotic analysis. In Section 3, I briefly discuss the implications of the spatial processes proposed for the disturbance term in the literature. Section 4 investigates the necessary condition for the consistency of the MLE of the autoregressive and moving average parameters. Section 5 provides expressions for the asymptotic bias of the MLE of parameters of the exogenous variables. Section 6 contains a small Monte Carlo simulation. Section 7 closes with concluding remarks.
Model Specification and Assumptions
In this study, the following first order SARMA(1,1) specification is considered:
where Y n is an n × 1 vector of observations of the dependent variable, X n is an n × k matrix of non-stochastic exogenous variables, with an associated k × 1 vector of population coefficients β 0 , W n , M n are n × n spatial weight matrices of known constants with zero diagonal elements and ε n is an n × 1 vector of disturbances. The variables W n Y n and M n ε n are known as the spatial lag of the dependent variable and the disturbance term, respectively. The spatial effect parameters λ 0 and ρ 0 are known as the spatial autoregressive and moving average parameters, respectively. As the spatial data are characterized with triangular arrays, the variables in Equation (1) have subscript n 2 . The model specifications with λ 0 = 0, ρ 0 = 0 and λ 0 = 0, ρ = 0 are known, respectively, as SARMA(1,1) and SARMA(0,1) in the literature. Let Θ be the parameter space of the model. In order to distinguish the true parameter vector from other possible values in Θ, the model is stated with the true parameter vector θ 0 = β 0 , δ 0 with
See Kelejian and Prucha [9] .
The model in Equation (1) is considered under the following assumptions.
Assumption 1. The elements ε ni of the disturbance term ε n are distributed independently with mean zero and variance σ 2 ni and E |ε ni | ν < ∞ for some ν > 4 for all n and i.
The elements of the disturbance term have moments higher than the fourth moment. The existence moments condition is required for the application of the central limit theorem for the quadratic form given in Kelejian and Prucha [9] . In addition, the variance of a quadratic form in ε n exists and is finite when the first four moments are finite. Finally, Liapunov's inequality guarantees that the moments less than ν are also uniformly bounded for all n and i. Assumption 2. The spatial weight matrices M n and W n are uniformly bounded in absolute value in row and column sums. Moreover, S −1
n (ρ) exist and are uniformly bounded in absolute value in row and column sums for all values of ρ and λ in a compact parameter space.
The uniform boundedness of the terms in Assumption 2 is motivated to control spatial autocorrelations in the model at a tractable level [6] 3 . Assumption 2 also implies that the model in Equation (1) represents an equilibrium relation for the dependent variable. By this assumption, the reduced form of the model becomes feasible as
n (ρ) in Assumption 2 is only required for the MLE, not for the GMME [10] . When W n is row normalized, a closed subset of interval (1/λ min , 1), where λ min is the smallest eigenvalue of W n , can be considered as the parameter space for λ 0 . Analogously, a closed subset of (1/ρ min , 1), where ρ min is the smallest eigenvalue of M n , can be the parameter space of ρ 0 ( [15] , p.128) 4 .
The next assumption states the regularity conditions for the exogenous variables.
Assumption 3. The matrix X n is an n × k matrix consisting of constant elements that are uniformly bounded. It has full column rank k. Moreover, lim n→∞ 1 n X n X n and lim n→∞ 1 nX n (ρ)X n (ρ) exist and are nonsingular for all values of ρ in a compact parameter space.
Spatial Processes for the Disturbance Term
In the literature, there are three main parametric processes to model spatial autocorrelation among disturbance terms: (i) the spatial autoregressive process (SAR); (ii) the spatial moving average process (SMA); and (iii) the spatial error components model (SEC). The implied covariance structure is different under each specification. In this section, I describe the transmission and the effect of shocks under each specification. The SAR process is specified as:
For a definition and some properties of uniform boundedness, see Kelejian and Prucha [9] . 4 There are some other formulations for the parameter spaces in the literature. For details, see Kelejian and Prucha [9] and LeSage and Pace [15] . Note that the parameter spaces for β 0 and σ 2 0 are not required to be compact. As shown in Equations (8a) and (8b), the MLE of these parameters is an OLS-type estimator; hence, boundedness is enough for the parameter spaces.
where u n is an n × 1 vector of regression disturbances and ε n is an n × 1 vector of i.i.d. innovations with variance σ 2 0 . Under the assumption of an equilibrium, i.e., R n is invertible, the reduced from of Equation (2) is u n = R −1 n ε n with the covariance matrix of E u n u n = Ω n = σ
n . Note that even if the innovations are homoskedastic, the diagonal elements of Ω n are not equal, suggesting heteroskedasticity for the regression disturbances. An expansion of (I n − ρ 0 M n ) −1 for |ρ 0 | < 1 yields
Hence, the SAR specification of the disturbance term implies that a shock at location i is transmitted to all other locations. The first term I n implies that the shock at location i directly affects location i and, through other terms denoted by the powers of M n , affects higher order neighbors. Eventually, the shock feeds back to location i through the interconnectedness of neighbors. Note that |ρ 0 | < 1 ensures that the magnitude of the transmitted shock decreases for the higher orders of neighbors. As a result, the SAR specification allows researchers to model the global transmission of shocks where the full effect of a shock to location i is the sum of the initial shock and the feedback from other locations.
If a more localized spatial dependence is conjectured for an economic model, then a spatial moving average process (SMA) specification is more suitable [1, [3] [4] [5] . The SMA process is specified as:
where ρ 0 is the spatial moving average parameter. The reduced form does not involve an inverse of a square matrix. Hence, the transmission of a shock emanated from location i is limited to its immediate neighbors given by the nonzero elements in the i-th row of M n . Under this specification, the covariance matrix of u n is
The spatial covariance is limited to nonzero elements of M n + M n and M n M n . In comparison with the SAR specification, the range of covariance induced by the SMA model is much smaller.
Kelejian and Robinson [23] suggest another specification, which is called the spatial error components (SEC) model. This specification is similar to the SMA process in the sense that the implied covariance matrix does not involve a matrix inverse. Formally, the SEC model is given by u n = M n ε n + n , where ε n is an n × 1 vector of regional innovations, whereas n is an n × 1 vector of locational innovations. Assuming that ε n and n are independent, the variance-covariance matrix becomes Ω n = σ 2 I n + σ 2 ε M n M n , which indicates that the spatial correlation in a SEC specification is even more localized.
There have been some direct attempts to parametrize the covariance matrix of u n , rather than defining a process for the disturbance term. For example, Besag [24] considers a conditional first-order autoregressive model (CAR(1)), such that the covariance matrix of u n takes the form of
, where M n is assumed to be a symmetric contiguity matrix. This covariance structure implies a process of u n = (I n − ρ 0 M n ) −1/2 ε n . As in the case of the SAR process, a shock in a location is transmitted to all other locations, but now with a smaller amplitude. Another example is
where M n is assumed to be symmetric [25, 26] . In this case, the spatial correlation is restricted to first order neighbors, i.e., non-zero elements of M n .
The elements of Ω n can also be specified through a covariance generating function. For example, in Ripley [27] , the covariance generating function is defined in terms of the distance between two locations in such a way that the resulting covariance is always non-negative definite. Let d ij be the distance between locations i and j and Ω ij,n be the covariance between these two locations. Then, the covariance generating function is defined by:
Intuitively, Ω ij,n is proportional to the intersection area of two discs of common radius centered on locations i and j. The covariance generating function in Equation (4) depends on the single parameter ψ and has a fairly linear negative relationship with d ij [25, 27] . Another covariance generating function family, first introduced by Whittle in 1954, is a two-parameter function defined in terms of gamma and bessel functions. This family has the following specification:
where K ν (·) is the modified bessel function and Γ(·) is the standard gamma function. The parameters ν > 0 and δ > 0 are respectively known as a shape parameter and a spatial parameter. The spatial parameter δ determines how far the spatial correlation will stretch. For the special case, where ν = , this covariance generating function gives an exponential decaying spatial correlation [25] . There is also a more general exponential covariance generating function that depends on two parameters. This function is specified by Ω ij,n = σ 2 0 γ exp(λd ij ), where γ and λ are parameters that need to be estimated. This function also exhibits exponential decay for the spatial correlations.
In the literature, there are some other covariance generating function families. However, the majority of these functions do not necessarily ensure that Ω n is a positive-definite matrix [25, 28] . The formal properties of the MLE for spatial models that have a covariance structure determined by a parametric function are investigated in an early study by Mardia and Marshall [29] . In this study, the authors state conditions under which the MLE is consistent and has an asymptotic normal distribution.
In this study, the spatial model specified in Equation (1) is considered. The interaction between the spatial autoregressive process and the moving average process for this model induces a complicated pattern for the transmission of a location-specific shock. Under Assumption 2, the reduced form of the model is given by
n R n ε n . The last term in the reduced form can be written as S
In this representation, the higher power of W n does not have zero diagonal elements, which, in turn, implies that the total effect of a region-specific shock also contains the feedback effects passed through other locations. The corresponding expression in the case of SARAR(1,1) specification is given by S
Again, the induced pattern involves the interaction of two weight matrices and two parameters.
Following Fingleton [4] , I illustrate the transmission pattern for a shock under each specification by using a rook weight matrix over a 15 × 15 lattice. Figure 1 shows the impact of a shock emanated from the unit located at the center of lattice 5 . In the case of SAR and SARAR(1,1), the effect of shock is 5 For easy comparison, we set λ 0 = 0.9 for SAR, ρ 0 = −0.9 for SMA, (λ 0 , ρ 0 ) = (0.5, 0.9) for SARAR(1,1) and (λ 0 , ρ 0 ) = (0.5, −0.9) for SARMA (1, 1) . The disturbance of the unit located at the center of the lattice is increased by three.
more vigorous over the whole lattice. For the SMA specification, the shock is only transmitted to the immediate units, as shown in Figure 1b . In contrast, the effect of the shock gradually dies out under the SARMA(1,1) model. The log-likelihood function for the model in Equation (1) under the assumption that the disturbance terms of the model are i.i.d. normal with mean zero and variance σ 2 0 can be written as:
where ζ = θ , σ 2 . The first order conditions with respect to β and σ 2 are respectively given by:
where
The solutions of the first order conditions for a given δ yield the MLE of β 0 and σ 2 0 :β
Concentrating the log-likelihood function by eliminating σ 2 gives the following equation:
The above representation is useful for exploring the role of the Jacobian terms |S n (λ)| and |R n (ρ)| in the ML estimation. The MLE of θ is the extremum estimator obtained from the maximization of Equation (9) . In an equivalent way, the MLE of θ 0 can be defined by:
In the special case, where |S n (λ)| = |R n (ρ)| = 1, the MLE is the NLSE obtained from the minimization of ε n (θ)ε n (θ), i.e.,θ N LSE,n = argmin θ∈Θ ε n (θ)ε n (θ). It is clear that the Jacobian terms |S n (λ)| and |R n (ρ)| play the role of a weight (or a penalty) on ε n (θ)ε n (θ). The penalty is a function of the autoregressive parameters and the spatial weight matrices, which can be defined as
n . For the SARAR(1,1) specification, the last term in Equation (9) is given by −
, where ε n (θ) = R n (ρ) (S n (λ)Y n − X n β). Therefore, in the case of SARAR(1,1), the MLE of θ 0 is given by:
It is hard to make any general statement about the effects and magnitudes of the penalty functions in both cases. Hepple [30] illustrates that the Jacobian term imposes a substantial penalty for the SARAR(0,1) specification. To illustrate the effect of penalty functions for the case of SARMA(1,1) and SARAR(1,1), I use a distance-based weight matrix for a sample of 91 countries, such that each country is connected to every other country. The elements of the weight matrices are specified by:
where d ij between countries i and j is measured by the great circle distance between country capitals 6 . Figure 2 shows the surface plots of penalty functions over a grid of spatial parameters. For the SARAR(1,1) specification, the value of the penalty function decreases as the parameter combination (λ, ρ) moves away from (0, 0) in any direction, as shown in Figure 2b 7 . On the other hand, there is no such monotonic decrease in the penalty function under the SARMA(1,1) specification, as illustrated in Figure 2a . The penalty function of SARMA(1,1) obtains relatively larger values when there is strong spatial dependence in the disturbance term, i.e., when ρ is near +1 or −1. In contrast, the penalty function has smaller values when there is strong spatial dependence in the dependent variable. This pattern indicates that the sum ε n (θ)ε n (θ) is penalized as ρ moves toward either +1 or −1. In the case of SARAR(1,1), this sum gets larger as (λ, ρ) moves toward (±1, ±1) in any direction, suggesting
where R 0 is the Earth's radius. 7 For SARAR(1,1), the penalty function is
that the solution of the minimization problem is restricted to the region (−1, −1) × (+1, +1). Finally, in a small neighborhood of (0, 0), the surface plots in Figure 2 indicate that the penalty functions take values around one, suggesting that the parameter estimates from the MLE can be similar to those from the NLSE under both specifications. Next, I investigate the effect of heteroskedasticity on the MLE for the case of SARMA(1,1). I assume that the true data generating process is characterized by Assumption 1. More explicitly, the MLEσ 2 n (δ) can be written as:σ
n (δ) and using the fact thatX n (ρ)M n (ρ) = 0 k×n andM n (ρ)X n (ρ) = 0 n×k , the MLEσ 2 n (δ) can be written as:
At δ 0 , the probability limit ofσ
For the first term on the right-hand side, we have
by Chebyshev's weak law of large numbers. The second term vanishes by virtue of Lemma 1(4) in Appendix A and Assumption 3. Therefore, we have:σ
The result in Equation (16) indicates that the average of the individual variances is asymptotically equivalent toσ 2 n (δ 0 ). Concentrating out β and σ 2 from the log-likelihood function in Equation (6) yields:
The MLEsλ n andρ n are extremum estimators obtained from the maximization of Equation (17) . The first order conditions of Equation (17) with respect to ρ and λ are 8 : 8 For these results, I use the derivative rule given by
. For a proof, see (Abadir and Magnus [31] , p. 372). Also note the commutative property of R −1
For the consistency ofλ n andρ n , the necessary condition is plim n→∞ 1 n ∂ ln Ln(δ 0 ) ∂δ = 0. Below, I investigate the probability limit of the following expression:
Under Assumption 2, both H n and G n are uniformly bounded in absolute value in row and column sums. Therefore,
is the covariance between the diagonal elements ofḠ n , {Ḡ n,11 ,Ḡ n,22 , . . . ,Ḡ n,nn } and the individual variances {σ Proof. See Appendix B.
The above proposition indicates that the MLE of the spatial autoregressive and moving average parameters is not consistent, as long as the covariance terms in Equation (20) are not zero. Notice that, when the disturbance terms are homoskedastic, the covariance terms in Equation (40) are zero. In the special case where W n = M n and λ 0 = ρ 0 , we have S n = R n and G n = H n , so that
Hence, the necessary condition for the consistency ofλ n is identical to the one forρ n .
The result in Proposition 1 indicates that the consistency of the MLE depends on the specification of weight matrices. It is of interest to investigate specifications that yield zero covariances. An obvious case is when there is no variation in the diagonal elements ofḠ n and H n . Then, the necessary condition for the consistency ofλ n andρ n is not violated, even if the disturbances are heteroskedastic. For example, there is no variations in the diagonal elements ofḠ n and H n when W n and M n are block-diagonal matrices with an identical sub-matrix in the diagonal blocks and zeros elsewhere. This type of block diagonal weight matrix can be seen in social interaction scenarios where a block represents a group in which each individual is equally affected by the members of the group [32, 33] . Suppose that there are R groups, each of which has m members, so that n = mR. If we assign equal weight to each member of a group, then W n = M n = I R ⊗ B m , where B m = 1 m−1 l m l m − I m , and l m is an m-dimensional column vector of ones. For this setup, there is no variation in the diagonal elements ofḠ n and H n ; therefore Cov Ḡ n,ii , σ
There is also no variation in the diagonal elements ofḠ n and H n when the circular world weight matrices considered in Kelejian and Prucha [7] are employed. In these weight matrices, the order of observations is important, since the observations are related to some units in front and to some in back. As an example, consider a "one ahead and one behind" weight matrix, where each observation is related to the one immediately after and immediately before it. For this scenario, we also have Cov Ḡ n,ii , σ 2 ni = Cov (H n,ii , σ 2 ni ) = 0. The circular world weight matrices can be adjusted to create some variation in the diagonal elements ofḠ n and H n . For example, Kelejian and Prucha [34] construct a different version in which the first and the last one-third of the sample observations has five neighbors in front and five in back, while the middle third only has one neighbor in front and one in back. Under this scenario, the Monte Carlo results in Kelejian and Prucha [34] show that the MLE is significantly biased for the case of SARAR(1,1).
The MLE of β 0
In the previous section, I showed that the consistency of the MLE of the spatial autoregressive and moving average parameters is not ensured. In this section, I investigate the consistency of the MLE of β 0 . The result in Equation (8a) indicates that the MLEβ n (δ n ) is also inconsistent, since it is based on the inconsistent estimatorsλ n andρ n . The asymptotic bias ofβ n (δ n ) can be determined from Equation (8a). By using S n (λ) = S n + (λ 0 − λ) W n , the MLEβ n (δ) can be written as:
Under Assumption 3, the term 1 nX n (ρ)X n (ρ) −1 is uniformly bounded in absolute value in row and column sums. By Lemma 1(5) of Appendix A, terms involving ε n in Equation (21) vanish in probability. Thus,β
The asymptotic bias ofβ n (δ n ) follows from Equation (22), which is given by
This result shows that the asymptotic bias ofβ n (δ n ) depends on weight matrices and the regressors matrix and is not zero unless the spatial parameters are consistent. Note that the bias is the OLS estimator obtained from the artificial regression of R −1 n (ρ n )G n X n β 0 onX n (ρ n ). For the special case ofλ n = λ 0 + o p (1), we haveβ n (δ) = β 0 + o p (1). In this case, there is no asymptotic bias, and the inconsistency ofρ n has no effect onβ n (δ n ).
The specification with λ 0 = 0 in Equation (1) is called the spatial moving average model (SARMA(0,1) or SMA). For the SARMA(0,1) specification, the log-likelihood function simplifies to:
where ζ = θ , σ 2 with θ = ρ, β . For a given value of ρ, the first order conditions yield:
where ε n (θ) = R −1 n Y n −X n β. The necessary condition for the consistency of the MLEρ n can be obtained from Equation (20) .
From the second row of Equation (20), we have
, which implies that the MLEρ n is inconsistent. Substitution of Y n = X n β 0 + R n ε n intoβ n (ρ) yields:
The variance of X n (ρ)X n (ρ)
n (ρ)R n ε n in Equation (24) has an order of O(
) by Lemma 1(5) of Appendix A. Then, Chebyshev's inequality implies thatβ n (ρ) = β 0 + o p (1). Hence, β n (ρ n ) has no asymptotic bias, even thoughρ n is inconsistent.
For the spatial autoregressive model, where ρ 0 = 0 in Equation (1), the result in Equation (20) simplifies to
n (ρ)G n X n β 0 in Equation (22) simplifies to X n X n −1 X G n X n β 0 , so that:
The result in Equation (25) is the exact result stated in Lin and Lee [22] for the case of SARAR(1,0). I collect the above results for the MLE of β 0 in the following proposition.
Proposition 2. Consider the model in Equation (1) under Assumptions 1 through 3; then:
(1) For the SARMA(1,1) model, we have:
(2) For the SARMA(0,1) model, where λ 0 = 0, we haveβ n (ρ) = β 0 + o p (1).
(3) For the SARMA(1,0) model, where ρ 0 = 0, we have:
In Sections 4 and 5, I showed that the MLE of δ 0 and β 0 is generally inconsistent when heteroskedasticity is present in the model. Besides its computational burden, the consistency of MLE is not ensured. In the next section, I confirm these large sample results through a Monte Carlo simulation.
Monte Carlo Simulation
In this section, the finite sample properties of the MLE are investigated through a Monte Carlo experiment for the cases of (i) SARMA(0,1) and (ii) SARMA(1,1). For both models, I assume heteroskedastic innovations in the data generating processes.
Design
There are two regressors and no intercept term, such that X n = [x n,1 , x n,2 ] and β 0 = (β 10 , β 20 ) , where x n,1 and x n,2 are n × 1 independent random vectors that are generated from a Normal(0,1). I consider n = 100, 500, 1,000; let W n = M n , and set β 0 = (1, 1) for all experiments. For the spatial autoregressive parameters (λ 0 , ρ 0 ), I employ combinations from the set B = (−0.6, −0.3, 0, 0.3, 0.6) to allow for weak and strong spatial interactions.
The row normalized spatial weight matrix is based on the small group interaction scenario described in Lin and Lee [22] . In this scenario, the weight matrix is a block diagonal matrix where each block represents a group interaction. The size of each block is determined by the group size, which is determined by a random draw from Uniform(15,50). Let {g 1 , . . . , g G } be the set of groups, where G is the total number of groups. Denote the size of each group by m i for i = 1, . . . , G. Then, the block for group i is given by B i =
The observations in a group have the same variance, and I use the group size to create heteroskedasticity. If the group size is greater than 35, I set the variance of that group equal to its size raised to 0.4 power; otherwise I let the variance be the square of the inverse of the group size. Then, the i-th element of the innovation vector ε n is generated according to ε ni = σ ni ξ ni , where σ ni is the standard error for the i-th observation and ξ ni 's are i.i.d. Normal(0,1).
I use the following expressions to measure the level of signal-to-noise in this setup [35] :
where Σ n is the diagonal n × n covariance matrix of the disturbance terms. This setup yields an R 2 value close to 0.55. For each specification, the Monte Carlo experiment is based on 1,000 repetitions.
Simulation Results
The simulation results are presented in Appendices C and D. In each table, the empirical mean (Mean), the bias (Bias), the empirical standard error (SE) and the root mean square error (RMSE) of the parameter estimates are presented next to each other.
First, I consider the simulation results for the SARMA (0,1) model. The simulation results are presented in Table C1 of Appendix C. The MLE imposes almost no bias on β 10 and β 20 in all cases. The moving average parameter ρ 0 has a substantial amount of bias when n = 100, but the amount of bias decreases as the sample size increases. Despite this, the MLE imposes a significant amount of bias on ρ 0 when n = 500 and n = 1,000 in cases where the true value of ρ 0 is nonzero. Overall, the simulation 9 Here , Diag (B 1 , . . . , B G ) denotes the block diagonal matrix in which the diagonal blocks are m i × m i matrices ofB i s.
results are consistent with our large sample results. That is, the MLE of β 10 and β 20 is consistent, while the MLE of ρ 0 is inconsistent in the presence of heteroskedasticity. Now, we turn to the simulation results for the case of SARMA(1,1). First, I consider the simulation results for λ 0 and ρ 0 . Table D2 shows the estimation results for n = 100. The MLE imposes a substantial amount of bias on both parameters in all cases. The amount of bias for λ 0 is relatively larger when there exists a strong negative spatial dependence in the dependent variable. There is a similar pattern for ρ 0 , where the amount of bias and RMSE is, in general, larger for the cases of high negative spatial dependence in both the dependent variable and disturbance term. The pattern that we see for λ 0 and ρ 0 shows itself for the estimation results of β 10 and β 20 . That is, the reported biases and RMSEs are relatively larger for β 10 and β 20 , when there are strong spatial dependences in the model. Table D3 contains the simulation results when n = 500. The same pattern that I described for λ 0 and ρ 0 is also prevalent in Table D3 . The MLE still imposes a substantial amount of bias on λ 0 and ρ 0 . The noticeable improvement in the estimation results for β 10 and β 20 suggests that these parameters are less affected by the inconsistency of the MLE of λ 0 and ρ 0 , when the sample size is moderately large. The estimation results in Table D4 for β 10 and β 20 are also consistent with this claim. That is, when the sample size is large, i.e., n = 1000, the MLE imposes trivial bias on β 10 and β 20 in most cases. On the other hand, the estimation results in Table D4 show that the MLE imposes significant bias on λ 0 and ρ 0 , which, in turn, implies the inconsistency of the MLE for these parameters.
I now evaluate the finite sample efficiency measured by the RMSE of the MLE through the surface plots given in Appendix E. Figure E1 shows the surface plots of RMSEs for β 10 and β 20 . It is clear from the surface plots that the MLE has higher RMSEs when strong spatial dependence exists in the model. The surface plots in Figure E2 are for λ 0 and ρ 0 . These surface plots indicate that the MLE of these parameters has higher RMSEs when there exists strong negative spatial dependence in both the dependent variable and disturbance term.
Conclusions
In this study, I show that the MLE of the spatial autoregressive and moving average parameters for the SARMA(1,1) specification is generally inconsistent in the presence of heteroskedastic disturbances. The analytical results indicate that the concentrated log-likelihood function is not maximized at the true parameter values when heteroskedasticity is not considered in the estimation. The necessary condition for the consistency of the MLE depends on the specification of spatial weight matrices. I also show that the MLE of the parameters of the exogenous variables is inconsistent, and I state the expression for the corresponding asymptotic bias.
The Monte Carlo results show that the MLE imposes a substantial amount of bias on the spatial autoregressive and moving average parameters in all cases for all sample sizes when the spatial weight matrix has non-identical blocks on the diagonals. The simulation results also show that the inconsistency of the spatial autoregressive and moving average parameters has almost no effect on the estimates of the parameters of the exogenous variables for cases where the sample size is large.
A: Some Useful Lemmas Lemma 1. Let A n , B n and C n be n × n matrices with (i, j)-th elements, respectively denoted by a n,ij , b n,ij and c n,ij . Assume that A n and B n have zero diagonal elements and C n has uniformly-bounded row and column sums in absolute value. Let q n be an n × 1 vector with uniformly-bounded elements in absolute value. Assume that ε n satisfies Assumption 1 with the covariance matrix denoted by
Proof. For (1), (2), (3), (4) and (5), see Lemmas A.1 through A.4 in Lin and Lee [22] and Lemma 2 in Dogan and Suleyman [36] .
n under Assumption 3. Assume that ε n satisfies Assumption 1 with the covariance matrix denoted by Σ n =Diag{σ 2 n1 , . . . , σ 2 nn }. Then, (1)M n and P n are uniformly bounded in absolute value in both row and column sums.
Proof. The proof is similar to the proof of Lemma 3 in Dogan and Suleyman [36] . Hence, it is omitted.
B: Proof of Proposition 1
For the probability limit of terms in Equation (19) , the partial derivatives
and ∂Mn(ρ) ∂ρ are required, which are given by:
First, the probability limit of the first row in Equation (19) is investigated:
where we useX nM n = 0 k×n . For the second term on the r.h.s. of Equation (30), we have:
since the numerator converges in probability to zero by Lemma 1(5) and Lemma 2(1), and for the term in the denominator, we have
, as shown in Equation (16) . The overall result is zero, since
ni is uniformly bounded for all n by Assumption 1. As for the first term on the r.h.s of Equation (30), we have:
We first evaluate the last term in (32) . The numerator of this term tends to zero in probability as n goes to infinity by Lemma 1(4) and Assumption 3. Hence, the last term in Equation (32) vanishes. Now, we return to the first term in the r.h.s. of Equation (32) . By Lemma 1(4), Var
. Then, the Chebyshev inequality implies that plim n→∞
These results imply the following one:
Now, we return to the first term in the second row of Equation (19):
Each term is handled separately below by using R
ε n P n H nM n ε n . By Lemma 1(5) and Lemma 2(1),
For the remaining term, by Lemma 2, we have 1 n ε n P n H nM n ε n = o p (1). Hence, the second term on the r.h.s. of Equation (35) vanishes.
The first term on the r.h.s. of Equation (35) can be written as:
n into Equation (36) yields:
By Lemma 1(5) and Equation (16), the second term on the r.h.s of Equation (37) vanishes. The third term vanishes by Lemma 1(4) and Equation (16) . The probability limit of the remaining term can be found by the Chebyshev inequality. By Lemma 1(4), we have Var
Combining these results, we get the following result for the first term in the first row of Equation (19):
By combining the results in Equations (34) and (38), we obtain:
ni . Then, Equation (39) can be written in a more convenient form as 10 :
C: Simulation Results for SARMA(0,1) Table C1 . Simulation results for SARMA(0,1). 
